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ABSTRACT: we introduce bidendriform bialgebras, which are bialgebras such that both 
product and coproduct can be split into two parts satisfying good compatibilities. For exam- 
ple, the Malvenuto-Reutenauer Hopf algebra and the non-commutative Connes-Kreimer Hopf 
algebras of planar decorated rooted trees are bidendriform bialgebras. We prove that all con- 
nected bidendriform bialgebras are generated by their primitive elements as a dendriform algebra 
(bidendriform Milnor- Moore theorem) and then is isomorphic to a Connes-Kreimer Hopf algebra. 
As a corollary, the Hopf algebra of Malvenuto-Reutenauer is isomorphic to the Connes-kreimer 
Hopf algebra of planar rooted trees decorated by a certain set. We deduce that the Lie algebra 
of its primitive elements is free in characteristic zero (G. Duchamp, F. Hivert and J.-Y. Thibon 
conjecture). 

RESUME : nous introduisons les bigebres bidendriformes, qui sont des bigebres dont le pro- 
duit et le coproduit peuvent etre scindes en deux avec de bonnes compatibilites. Par exemple, 
I'algebre de Hopf de Malvenuto-Reutenauer et les algebres de Hopf non-commutative de Connes- 
Kreimer sur les arbres plans enracines decores sont des bigebres bidendriformes. Nous montrons 
que toute bigebre bidendriforme connexe est engendree par ses elements totalement primitifs 
comme algebre dendriforme (version bidendriforme du theoreme de Milnor-Moore) et qu'elle 
est alors isomorphe a une algebre de Hopf de Connes-Kreimer. En consequence, I'algebre de 
Hopf de Malvenuto-Reutenauer est isomorphe a I'algebre de Connes-Kreimer des arbres plans 
enracines decores par un certain ensemble. On en deduit que I'algebre de Lie de ses elements 
primitifs est libre en caracteristique zero (conjecture de G. Duchamp, F. Hivert et J.-Y. Thibon). 
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Introduction 

The Hopf algebra FQSym of Malvenuto-Reutenauer, also called Hopf algebra of free quasi- 
symmetric functions ([^ll6 | [T7 | ll8j) has certain interesting properties. For example, it is known 
that it free as an algebra and cofree as a coalgebra; it has a non-degenerate Hopf pairing; it 
can be given a structure of dendriform algebra. The Hopf algebras TC^ of planar rooted trees, 
introduced in [71 |H| El have a lot of similar properties: they are free as algebras and cofree as 
coalgebras; they have a non-degenerate Hopf pairing (although not so explicit as the Malvenuto- 
Reutenauer algebra's); they also are dendriform algebras. So a natural question is: are these two 
objects isomorphic? More precisely, is there a set P of decorations such that Ti^ is isomorphic 
to FQSym? 

In order to answer positively this question, we study more in details dendriform algebras. 
This notion is introduced by Loday and Ronco in and is studied in ^ ^1 El HH 1^- A 
dendriform algebra ^ is a (non unitary) associative algebra, such that the product can be split 
into two parts -< and >- (left and right products), with good compatibilities (which mean that 
{A, ~<, y) is a bimodule over itself). The notion of dendriform bialgebra or Hopf dendriform 
algebra is also given. These are dendriform algebra with a coassociative coproduct A, satisfying 
good relations with -< and y. We introduce here the notion of bidendriform bialgebra (section 
121): a bidendriform bialgebra A is a dendriform bialgebra such that the coproduct A can be split 
into two parts A^ and A^ (left and right coproducts), such that (^,A^,A^) is a bimodule 
over itself. There are also compatibilities between the left and right coproducts and the left and 
right products. As this set of axioms is self-dual, the dual of a finite-dimensional bidendriform 
bialgebra is also a bidendriform bialgebra. An example of bidendriform bialgebra is FQSym 
(section 11} , or, more precisely, its augmentation ideal: as FQSym is a dendriform algebra and 
it is self dual as a Hopf algebra, we can also split the coproduct into two parts. Fortunately, 
the left and right coproducts defined in this way satisfy the wanted compatibilities with the left 
and right products. 

We would like to give TL^ a structure of bidendriform algebra too. The method used for 
FQSym fails here: the left and right coproducts defined by duality, denoted here by A'^ and 
A(_, do not satisfy the compatibilities with the left and right products. Hence, we have to 
proceed in a different way. For this, we consider the category of dendriform algebras and give 
it a tensor product (section |31) . This tensor product is a little bit different of the usual one, 
as dendriform algebras are not unitary objects: we have to add a copy of both algebras to their 
tensor products. We also define the notion of dendriform module over a dendriform algebra. 
Then the notions of dendriform bialgebra and bidendriform bialgebra become more clear: the 
coproduct of a dendriform bialgebra A has to be a morphism of dendriform algebras from A 
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dendriform modules from A to AiSiA. Now, as the dendriform algebra Ti is freely generated by 
the elements . d as a dendriform algebra, it is possible to define a unique structure of bidendriform 
bialgebra over (or, more exactly, on its augmentation ideal A^) by A^(.d) = A^(.d) = 
(theorem l3T|) . 

Let us now study more precisely the notion of bidendriform bialgebra. For a given biden- 
driform bialgebra A, we consider totally primitive elements of A, that is to say elements which 
vanish under both and A^. We say that A is connected if, for every element a, the various 
iterated coproducts all vanish on a for a great enough rank. Then, if A is connected, we prove 
that A is generated as a dendriform algebra by its totally primitive elements (theorem I21|l . 
This theorem can be seen as a bidendriform version of the Milnor-Moore theorem (HOj), which 
says that a cocommutative, connected Hopf algebra is generated by its primitive elements (in 
characteristic zero). 

To precise this result, we consider the bidendriform bialgebra We prove that its space 
of totally primitive elements is reduced to the space of its generators: the elements .d. In other 
terms, the triple [Dend, coDend, Vect) is a good triple of operads, with the language of jll]. This 
implies that every connected bidendriform bialgebra is freely generated by its totally primitive 
elements, so is isomorphic to a TC^ for a well chosen 2? (theorem I39() . We apply this result to 
FQSym: then, for a certain V, FQSym is isomorphic to Ti.^ as a bidendriform bialgebra, and 
hence as a Hopf algebra. This allows us to answer a conjecture of ^7 : if the characteristic of the 
base field is zero, then the Lie algebra of primitive elements of FQSym is free (corollarvl4(Hl. as 
we already proved this result for Ti^ in |S|. 

As a connected bidendriform bialgebra is isomorphic to a certain Ti^, it is self-dual. We 
define the notion of bidendriform pairing; for example, the pairing of j^I on FQSym is a biden- 
driform pairing, whereas the pairing of [Jj on Ti.^ is not. We construct another pairing on Ti^, 
which is non-degenerate, symmetric and bidendriform. This pairing can be studied in the same 
way as in : we give a inductive way to compute it and a combinatorial interpretation of this 
pairing. 

Thanks. I am grateful to Ralf Holtkamp for suggestions which greatly improve section 13 
Notation, is a commutative field of any characteristic. 

1 Dendriform and codendriform bialgebras 
1.1 Dendriform algebras and coalgebras 



Definition 1 (See H [13 [H HH HH HU). A dendriform algebra is a family {A, ^, such 



that: 



1. ^ is a if- vector space and: 




A 

a ^ b. 




A 

a>- b. 



2. For all a,b,c £ A: 



{a ^b) ^ c 
{ay b) ^ c 
{a^b + ayb)>~c 



a~<{b^c + b>-c) 
ay {b ^ c), 
ay {by c). 



(1) 
(2) 
(3) 



Remark. If ^ is a dendriform algebra, we put: 




A 

ab = a<b + ayb. 
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is a special (non unitary) associative algebra. 

By duality, we obtain the notion of dendriform coalgebra: 

Definition 2 A dendriform coalgebra is a family (C, A^, A^) such that: 
1. C is a IT- vector space and: 



c 

a 



A^(a) = a'. ®a" 



A 



>- ■ 



c — > c®c 



2. for all a e C: 



(A- 



(A^ (g) Id) o A^(a) 
(A^ «) /d) o A^(a) 
+ A^ (g)/(i) o A^(a) 



{IdiSiA^ +/d(8) A^) o A_<(a) 
(/d(8) A^) o A^(a), 
{Id(®Ay) o A^(a). 



(4) 
(5) 
(6) 



Remarks. 

1. If C is a dendriform coalgebra, we put: 



A 



C — > C(®C 

a — > A(a) = A^(a) + A^(a) 



a' ® a". 



Then Q) + © + (© is equivalent to the fact that A is coassociative. Hence, a dendriform 
coalgebra is a special (non counitary) coassociative coalgebra. 

„ is a N-graded dendriform algebra, such that its homogeneous parts are finite- 
dimensional, then (A*^, ;^*) is a N-graded dendriform coalgebra {A*^ is the graded 
dual of A, that is to say A*9 = C A*). 

3. In the same way, if C is a N-graded dendriform coalgebra, such that its homogeneous parts 
are finite-dimensional, then (C*^, A!,, A^) is a N-graded dendriform algebra. (In fact, for 
any dendriform coalgebra C, the whole linear dual C* is a dendriform algebra). 

Definition 3 Let A be a dendriform coalgebra. We put: 

Prim{A) = {a e A / A(a) = 0}, 
Prim^{A) = {a G A / A^(a) = 0}, 
Primy{A) = {a G A / A>_(a) = 0}, 

Primtot{A) = Prim^{A) n Prim^{A) = {a e A / A(a) = A^(a) = Ay{a) 
1.2 Dendriform and codendriform bialgebras 



0}. 



Definition 4 (See (111311711111122]). A dendriform bialgebra is a family {A,-<,y,A) such 
that: 

1. (A, ^, :^) is a dendriform algebra. 

2. (A, A) is a coassociative (non counitary) coalgebra. 

3. The following compatibilities are satisfied: for all a,b £ A, 

A(a ^6) = a'b' ® a" -< b" + a' a" ^ b + a'b ® a" + b' ® a <b" + b® a, (7) 
A(a >- 6) = a'b' ® a" >- b" + a' (g) a" >- & + ab' ®b" + b' ® a>- b" + a®b. (8) 
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1. + (|HI) is equivalent to: for all a e ^, 

A{ab) = a'b' ® a"b" + a' ^ a"b + ab' (g) b" + a'b ^ a" + b' (g) ab" + a 6 + 6 a. (9) 

If j4 is a dendriform bialgebra, we put A = A(B K , which is given a structure of associative 
algebra and coassociative coalgebra in the following way: for all a,b £ A, 

l.a = a, a.l = a, 1.1 = 1, a.b = ab (product in A); 

A(l) = l(g)l, A(a) = l®a + a«)l + A(a). 

Then Q means that yl is a bialgebra. A dendriform bialgebra is then the augmentation 
ideal of a special bialgebra. 

2. Another interpretation of and Q will be given in section |21 



By duality, we define the notion of codendriform bialgebra: 

Definition 5 A codendriform bialgebra is a family {A,m, A^, Ay) such that: 

1. {A, A^, Ay) is a dendriform coalgebra. 

2. (A, m) is an associative (non unitary) algebra. 

3. The following compatibilities are satisfied: for all a, 6 € A, 

{ab) = a'b'y ® a"b'l + a' (g) a'b + ab'^ ® by + b'y (g) aby + a (g) 6, (10) 
A^ {ab) = a'b'^ (g a"b'i, + a'b (g) a" + ab'^ (g 6" + b'^ ab'i, + b®a. (11) 

Remarks. 

1. H1U|) + H11|) is equivalent to ©• Hence, if A is a codendriform bialgebra, as before A = A(BK 
is given a structure of bialgebra. A codendriform bialgebra is then the augmentation ideal 
of a special bialgebra. 

2. If ^ is a N- graded codendriform bialgebra, such that its homogeneous parts are finite- 
dimensional, then (^*^, A!^, A^, m*) is a N-graded dendriform bialgebra. 

3. In the same way, if A is a N-graded dendriform bialgebra, such that its homogeneous parts 
are finite-dimensional, then {A*^ , A*, -<*, y*) is a N-graded codendriform bialgebra. 

1.3 Free dendriform algebras 

Let us recall here the construction of the Connes-Kreimer Hopf algebra of planar decorated 
rooted trees (See [Tj |H1 IHl for more details). It is a non-commutative version of the Connes- 
Kreimer Hopf algebra of rooted trees for Renormalisation ([H 111 ! IT ^ I13 j ). 

Definition 6 

1. A rooted tree t is a finite graph, without loops, with a special vertex called root of t. A 
planar rooted tree t is a rooted tree with an imbedding in the plane. The weight of t is the 
number of its vertices, the set of planar rooted trees will be denoted by T. 

2. Let V he a nonempty set. A planar rooted tree decorated by P is a planar tree with an 
application from the set of its vertices into T>. The set of planar rooted trees decorated by 
T> will be denoted by T-^. 
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1. Planar rooted trees with weight smaher than 5: 

., I, Y,l, T, 

2. Planar rooted trees decorated by {a, b} with weight smaller than 3: 

fa fb fa fb ^ ^ ^\r^ « ^ ^ ^ "■w^ 

•a^'b^*a^*a^»b^»b^ * a 5 •& 5 •a 5 •a ; "a j *b 5 •b 5 •b ; 

}a fa fa f b f b f b fa f b 
a \a \b \a \b \a \b \b 
a 5*0- 5*0- & 5*^ ^ * b • 

The algebra H (denoted by TCp^R in [H El) is the free associative (non commutative) K- 
algebra generated by the elements of T. Monomials in planar rooted trees in these algebra are 
called planar rooted forests. The set of planar rooted forests will be denoted by F. Note that F 
is a basis of Ti.. 

In the same way, if D is a nonempty set, the algebra Tl^ (denoted by Tip^ in [ZllHl) is the 
free associative (non commutative) iiT-algebra generated by the elements of T^. Monomials in 
planar rooted trees decorated by T> in these algebra are called planar rooted forests decorated 
by v. The set of planar rooted forests decorated by T> will be denoted by F-^. Note that F-^ is 
a basis of Ti^. if P is reduced to a single element, then T-^ can be identified with T and Ti^ 
can be identified with TC. 

Examples. 

1. Planar rooted forests of weight smaller than 4: 

1, ., .., I , I ., . I , Y , I, I .., . I ., I , Y ., . Y , I., .1, 1 1 , Y , 

2. Planar rooted forests decorated by {a, b} of weight smaller than 2: 

1 fafafbfb 
-l-,»a,'ti,'a'a,'6»a,'ci'6,»6»b, 'a, *b, i a , i b ■ 

We now describe the Hopf algebra structure of Tl^. Let t E T-^. An admissible cut of t 
is a nonempty cut such that every path in the tree meets at most one edge which is cut by 
c. The set of admissible cut of t is denoted by Adm{t). An admissible cut c of t sends t to 
a couple {P'^ (t) , (t)) G F-^ x T-^, such that R'^{t) is the connected component of the root of 
t after the application of c, and P'^it) is the planar forest of the other connected components 
(in the same order). Moreover, if is the empty cut of t, we put P^^{t) = 1 et R'^^{t) = t. 
We define the total cut of t as a cut q such that P'^^{t) = t and R^^{t) = 1. We then put 
Adm^{t) = Admit) U {ct,, q}. 

We now take F G F^, F 7^ 1. There exists ti, . . . , t„ E T^, such that F = ti . . . t„. An 
admissible cut of F is a n-uple (ci, . . . ,c„) such that Cj E Adm^,{ti) for all i. If all Cj's are 
empty (resp. total), then c is called the empty cut of F (resp. the total cut of F). The set 
of admissible cuts of F except the empty and the total cut is denoted by Adm{F). The set 
of all admissible cuts of F is denoted by Adm^{F). For c = (ci, . . . ,c„) E Adm^{F), we put 
P'^(F) = P^^{ti)...P^"{tn) and R%F) = i?^i(ti) . . . i?^"(t„). 

The coproduct A : Tt!^ — >T-L^ ®liP is defined in the following way: for all F E F^, 

A(F) = F®l + l(g)F+ ^ P^{F)®R^{F) = ^ P^{F) ^ R^{F). 

ceAdm{F) c^Adrrit (F) 
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(e, , d \ e, , d e, , d e. , d e- , d 

•aiM = .aY;;®i + i(8).aY;;+.,oY;;+Y;;®., + .,.e.dOib+.e.d(8).aib 

ed ed I*^ I*^ 

+ .a''Vc ^.b+^Vc <^ .a.b + .a.e <^ lb + .e <^ .alb + .a.d <^ lb + -d 1^ .alb . 



The counit e is given by: 

— > K 
F — > 6f,i. 

We proved in jSj that is isomorphic to the free dendriform algebra generated by V, which 
is described in |16l I21j in terms of planar binary trees. So the augmentation ideal A'^ of Tl^ 
inherits a structure of dendriform algebra, also described in ^ with the help of another basis of 

, introduced by duality. Hence, is freely generated by the .d's, d G 2?, as a dendriform 
algebra. Here is an example of a computation of a product -< in A^. For all x G A^ , 

.d ^ X = B'^{x), 

where B'^ : HP — > TiP is the linear application which send a forest ti . . . t„ to the planar 
decorated tree obtained by grafting ti, . . . on a common root decorated by d. (This comes 
from the description of -< in terms of graftings in [Hj and proposition 36 of ^). 

As HP is self-dual ([Z]), JP is given a structure of codendriform bialgebra. The description 
in |H1 of the left and right products in the dual basis of forests allows us to describe this structure 
with the following definition: 

Definition 7 Let F = ti . . . t„ G F^, F / 1. The set Adm'^{F) is the set of cuts 
(ci,...,c„) G Adm{F) such that c„ is the total cut of tn if F is not a single tree, and 
otherwise. The set Adm'y{F) is Adm{F) — Adm'_^{F). 

The dendriform coalgebra structure of A^ is then given in the following way: For all F G 
- {1}, 

A'^(F)= P%F)0R%F), A^F)= ^ ^ i?^(F). 

The product of A^ is the product induced by the product of TP. 



Examples. 

1. If t G T^, A'^(t) = 0. 

2. Ua,b,c,d,e G V. 




<Sl lb + .e.d <^ .alb + .a^Vj . 6 + "V/ (g) . a • i, 



td td te te 

+ .a.e(8'l6 +.e0.alb +.a.d<S)lb + • d (g • a I 6 . 



Moreover, Tp can be graded. A set D is said to be graded when it is given an application 
V — >n. We denote = {d e V / \d\ = n}. We then put, for all F G F^: 



\F\ = [decoration of s\ 

s£vert{F) 
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and A'^ is given a graded (co) dendriform bialgebra structure by putting, for all F G F-^, F 
homogeneous of degree \F\. When Vq is empty and P„ is finite for all n, then the homogeneous 
parts of are finite-dimensional and {A'^)o = (0). Moreover, if those conditions occur, we 
have the following result: 

Proposition 8 We consider the following formal series: 

+00 +00 
D{X) = card{Vn)X'', R{X) = ^ dim{n^)X''. 



n=l n=0 



Proof. Similar to the proof of theorem 75 of • □ 



2 Bidendiform bialgebras 
2.1 Definition 

We now introduce the notion of bidendriform bialgebra. A bidendriform bialgebra is both a 
dendriform bialgebra and a codendriform bialgebra, with some compatibilities. 



Definition 9 A bidendriform bialgebra is a family {A, ~<, A^, Ay) such that: 



1. {A, ^,^) is a dendriform algebra. 

2. (^4, A^, A^) is a dendriform coalgebra. 



3. The following compatibilities are satisfied: for all a,b £ A, 



Ay{a y b) = a'b'y a" >- by + a' ® a" >~ b + b'y ® a >- b'l_ + ab'y ®by+a®b, (12) 

Ay{a -<b) = a'b'y (g) a" -< 6" + a' a" ^ b + b'y (g) a -< 6" , (13) 

A^ (a ^ 6) = a'b'^ ® a" >- 6'^ + ab'^ b'!. + b'^ ® a y b"^ , (14) 

A^(a-<6) = a 61. (g) a" ^ 6" + a'6 (g) a" + 6'^ ® a ^ 6" + 6 (g) a. (15) 



Remarks. 

1. ((T^ + (fT^ and (|T^ + (|T1)) are equivalent to ((Tj) and (jSJ, so a bidendriform bialgebra is a 
special dendriform bialgebra. 

2. ((T^ + ((T^ and (|T1)) + ((T3|) are equivalent to H10() and ((TT|) . so a bidendriform bialgebra is 
a special codendriform bialgebra. 

3. If j4 is a graded bidendriform bialgebra, such that its homogeneous parts are finite- 
dimensional, then (^*^, A^, A^, -<*, ;^*) is also a graded bidendriform bialgebra, as the 
transposes of (fT^ and 1)15^ are themselves, and H13() and ((TUl are transposes from each 
other. 
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We here give several results which will be useful to prove theorem 1211 
First part. Let ^ be a dendriform coalgebra. We define inductively: 

A° = Id, A\ = A^, A!^ = (A^ (g) Id 0/4 ) o A'^-\ 

For all n G N, A!^ : A — > 

Lemma 10 For all n G N*, i G {2, . . . , n}, 

(A^0 JdO. . .(8)/(i3 oA!^-^ = A% 

n-1 

(/d® . . . (g) /d(g)A (g) /d(g) . . . (g) /d) o A""^ = A". 



Proof. The first equality is a consequence of the definition of A^. Let us show the second 
one. By 



k 1 



( Id (g) . ■ ■ (S)Id (g)A (g) Id(g) . . . (g) Id) o A! 

j— 1 n— j 

(A^ «g) Id (g . ^ ■ (g) Id ) o . . . o (A^ (g /d (g . ^ ■ (g) Id ) 

n~l n— j+2 

o(((/d(g) A) o A^) (g Jd (g . ■ ■ (g) Jd ) o A""* 

n— j 

(A^ «g) Jdg) . . ■ (g) /d ) o . . . o (A^ (g /d(g . . ■ (g) Id ) 



n— 1 n— j+2 

n- 



d(((A^ (g)/d) o A_<) /d (g) ■ . . (g /d) o A""* 



= (A^ (g) Jd(g . . ■ (g /d ) o . . . o (A^ (g) /d(g . . ■ (g Jd ) 

^ ^ 

n— 1 n~x+2 

o(A^ Id . ■ ■ (g) Id ) o (A^ Id (g) . . . Id ) o A"~* 

^ V ^ V 

n— «+l n— « 

= A!^.n 

Lemma 11 Lei a G ^, suc/i that A'^{a) = 0. T/ien A""^(a) G Prim^(A)^Prim(y4)^("-i). 

Proof. By lemma [T0| A"^^(a) vanishes under A_< (g) Id^^"'~^\ so belongs to Prim^{A) (g) 
^®(n-i)_ Moreover, if i > 2, A"~^(a) vanishes under /d®^*-^) (g) A (g) /d®^'^-*), so belongs to 

Suppose now that ^4 is a bidendriform bialgebra. Let ai, . . . , a„ G A. We define inductively: 

uj{ai) = ai, 
a;(ai, 02) = a2 ^ ai, 
w(ai,...,a„) = a„ -< w(ai, . . . ,a„_i). 

Lemma 12 Lei ai G Prim^{A) and 02, • • • , fln € Prim{A). Let /c G N. Then: 

A';(a;(ai,...,a„)) = ^ a;(ai, . . . , J (g . . . (g) w(ai^.+i, . . . , a„). 

I<ii<i2<...<it;<n 



A" ^(tj(ai, . . . ,an)) = ai (g) . . . (g) a„, 
A^{Lu{ai, . . . ,an)) = Oifk>n. 

Proof. By induction on A;. It is immediate for A; = 0. Let us show the result for = 1 by 
induction on n. It is obvious for n = 1. We suppose that n > 2. As a„ € Prim{A), we have, by 

A^(cj(ai, . . . ,o„)) = uj{ai, . . . ,ari-i)'^ (g) a„ ^ uj{ai, . . . ,an-i)'-^ + w(ai, . . . ,a„_i) (g) a„ 

= ^ u;(ai, . . . , Oj) (g a^t -< u;(ai+i, . . . ,a„_i) + u;(ai, . . . ,a„_i) (g a„ 

l<i<n-2 



) + uj{ai, ... , a„_i) (g a,i 

i<ra-2 

u;(ai, . . . ,ai) (gcj(aj+ 



l<j<n-l 

We suppose that the result is true at rank k. Then: 
A^+i(u;(ai,...,On)) 

= y^ A^(cj(ai, . . . ,aij) cj(ai,+i, . . . CjJ (g . . . 0a;(oij^+i, . . . ,On) 

l<ii<i2<...<ife<n 

= y^ u;(ai, . . . ,aij (g . . . giu;(aij^^j+i, . . . ,a„). □ 

l<il<i2<...<ifc+i<n 

For all a G A, we put N^{a) = inf{n G N / AV^(«) = 0} G N U {+oo}. 

Lemma 13 Let a (z A, such that N^(a) is finite. Then a can be written as a linear span of 
terms uj{ai, . . . , an), n < N^{a), ai £ Prim^(A) , a2, ■ ■ ■ ,an € Prim{A). 

Proof. By induction on n = N^{a). If n = 0, then a = 0. If n = 1, then a G Prim^{A) 
and the result is obvious. Suppose n > 2. By lemma ^2 we then put: 



A" ^(a) = y^ ai (g . . . (g a„ G Prim^{A) (g Prim{A) 



iS)(n-l) 



By lemma IT^ A" ^ (a — ^ u;(ai, . . . , a„)) = 0. The induction hypothesis applied to a — 
^ t(;(ai, . . . , a„) gives the result. □ 

Second part. Suppose that A is a dendriform coalgebra. We define inductively: 
A° = Id, A^ = A, A" = { Id(^. . .^Id 0A) o A"-\ 

n-l 

For all n G N, A" : A — > j^»(n+i) ^ Note that A" could be defined for any coassociative 
coalgebra {A, A). 

Lemma 14 Let a G Prim^{A). Then for all n G N, A" (a) G (g Prim^{A). 
Proof. It is obvious if n = 0. Suppose n > 1. By (jSJ: 

(Id(gA^)oA = (/d (g A^) o A^ + (/d^ A^) o A^ 
= A^) o A^ + (A^ (g/d) o A^ 

= (/dg) A^ + A^ g)/(i) o A^. 
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(Id®" A^) o A"(a) = (A"-i O/d^/d) o (/d® A^) o A(a) 

= (A""^ (g) Id (g) Id) o {Id (g) A^ + A^ (g) Id) o A^ (a) 

= 0. 

Hence, A" (a) G A'^" (g Prim^(^). □ 

Lemma 15 Let a e A, such that A"'(a) = 0. Then A""^(a) G Prim(^)®". Moreover, if 
a £ Prim^{a), then A""^(a) G Prim(^)®(""^) ®Primtot{A). 

Proof. By coassociativity of A, for all i G {1, . . . , n}: 

(/d®(*-i) A /d®("-^)) o A"-i(a) = A"(a) = 0, 
so A"'~-'^(a) G Prim{A)®'"' . The second assertion comes from lemma ITU □ 

Suppose now that ^4 is a bidendriform bialgebra. Let ai, . . . , a^, £ A. We define inductively: 

Lo'{ai) = ai, 
u;'(ai, 02) = ai ^ 02, 
a;'(ai, . . . ,a„) = u;'(ai, . . . , a„_i) ^ On- 

Lemma 16 Let oi, . . . , On, G Prim(A). Let A; G N. Then: 

A^(u;'(ai, . . . ,a„)) = ^ a;'(ai, . . . , a^J (g) . . . (g a;'(aij^+i, . . . , a„). 

I<ii<i2<...<iii<n 

/n particular: 

A"'~^{uj'{ai, . . . ,an)) = ai (g) . . . (g On, 
A''(a;'(ai, . . . , a„)) = if k > n. 

Moreover, if an G Primtot{A) , then u;'(ai, . . . , a^) G Prim^{A) . 

Proof. By induction on k. It is immediate if /c = 0. Let us show the result for A; = 1 by 
induction on n. It is obvious for n = 1. Suppose n > 2. As a„ G Prim{A), by 0: 

A(w'(ai, . . .,«„)) = a;'(ai, . . . , a„_i)' (g w'(ai, . . . ,an-i)" ^ a„ + a;(ai, . . . , a„_i) (g) a„, 

= ^ w'(ai, . . . ,aj) (g a;'(aj+i, . . . ,a„_i) ^ a„ + a;'(ai, . . . ,a„_i) (g a„ 

l<i<n-2 

= ^ uj'{ai,. . . ,ai) 0Lj'{ai+i, . . . ,an-i,an) +u;'{ai, . . . ,an-i) an 

l<i<n-2 

= ^ w'(ai, . . . ,ai) (ga;'(aj+i, . . . ,an). 

l<i<n-l 

Suppose that the result is true at rank k. Then: 
A'=+i(a;'(ai,...,a„)) 
= ^ A(w'(ai, . . . ,aij) g)a;'(aii+i, . . . ajj (g . . . g) u;'(ai^+i, . . . ,an) 

l<n<i2<...<«fc<n 

= ^ u;'(ai, . . . ,aij (g . . . (g)a;'(ai^.^-^+i, . . . ,an). 

I<n<j2<...<ifc+i<n 

Suppose On G Prim^{A). By dJ, by putting x = w'(ai, . . . , a„_i), A^(6<j'(ai, . . . , o„)) = 
A^(x ;^ a„) = 0. So u)'{ai, . . . , On) G Prim^{A). □ 

For all a G ^, we put 7V(a) = inf{n G N / A"-i(a) = 0} G N U {+00}. 
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span of terms w'(ai, . . . , a„), n < N{a), ai, . . . , a„_i G Prim{A), an € Primtoti^) ■ 

Proof. Induction on n = N{a). If n = 0, then a = 0. If n = 1, then a £ Primtoti^) = 
Prim{A) n Prim^{A). Suppose that n > 2 and put, by lemma ITKl 

A"-\a) = ^ ai ® . . . a„ G Prim(^)®("-1) Primtoi(^). 

We put a' = a — ^ u;'(ai, . . . , a^). By lemma El «' G Prim^{A) and N(a') < n. Hence, a' 
satisfies the induction hypothesis, so the result is true for a. □ 

2.3 Connected bidendriform bialgebras 

We prove in this paragraph that if >1 is a connected (definition I18|) bidendriform bialgebra, it is 
generated by its totally primitive elements (theorem I21j) . 

Let C be a dendriform coalgebra. We define inductively: 

VciO) = {Idc}^HC), 

Veil) = {A^, A^}CL{C,C^'), 

Vein) = oP/P e Pc(ra- 1), 1 < « < r^} 

U { ® A^ ^ o P / P G Vein - 1), 1 < « < n} C L(C, 

Definition 18 

1. Let C be a dendriform coalgebra. It is said connected if, for all a £ C, there exists Ua G N, 
such that for ah P G Vc{na), P{a) = 0. 

2. Let C be a connected dendriform coalgebra. For all a G C, we put: 

degp{a) = inf{n G N / VP G Pc(n), P(a) = 0} G N. 

3. Let C be a connected dendriform coalgebra. For all n G N, we put: 

C^" = {a G C / degpia) < n}. 
Then = (0), C-^ = Primtot{C), and (C-")„gN is a increasing filtration. 
Remarks. 

1. For all n G N, A!!. G Vein) et A'' G Vect{Vcin)). Hence, if C is connected, then for ah 
a G C, N^{a) and A^(a) are finite and smaller than degp{a). 

2. Let C be a N-graded dendriform coalgebra, such that Cq = (0) (the homogeneous parts 
of C may not be finite-dimensional). Then C is connected, as, for all a G C„, for all 
P G P(n): 

Pia)e C,,®...®Cfc„^, = (0). 

fci + ...+fc„+i=n 

Moreover, for all a € C, degp{a) < \a\, where \a\ is the degree of a for the gradation of C. 



12 





C 


^<n- 


-1 




-1 




C 


(j<n- 


-1 




-1 


'<n j 


C 


fj<n- 


-1 




-1 



Proof. Let a G C^". Let P G 7'c(ra - !)• Then (P (g) Id) o e Vc{n), so: 

(P(g)/(i) o A^(a) = 0. 

Hence, A_<(a) G (j<n-i ^ (j j,^ ^^j^g same way, we obtain A^(a) G C C'<"-i by considering 
(Id (g) P) o A^, so A^(a) G C-""^ ® C-""^ The procedure is the same for A^(a), and the 
result for A (a) is obtained by addition. □ 

The following lemma is now immediate: 

Lemma 20 Let C he a connected dendriform coalgebra and A;,n G N*. Then: 

Theorem 21 Let A be a connected (as a dendriform coalgebra) bidendriform bialgebra. 
Then A is generated (as a dendriform algebra) by Primtoti^) ■ 

Proof. Let B be the dendriform subalgebra of A generated by Primtoti^)- Let a £ A. We 
denote degp{a) = n. Let us show that a G -B by induction on n. If n = 0, then a = G i?. If 
n = 1, then a G Primtoti^) Q B. Suppose n > 2. As ^ is connected, by remark 1 after definition 
1181 N^{a) = k \s finite and smaller than n. By lemma [T3| we can suppose a = u;(ai, . . . , a^), 
A; < n, oi G Prim^{A), 02, . . . ,0^ G Prim{A). We have two different cases. 

1. If > 2, by lemma HOI A^.-^(cj(ai, . . . , afc)) = oi . . . G (^<«-i)'^'', so, for all i, 
degp{ai) < n, so Oj G -B. Hence, a £ B. 

2. If k = 1, then a G Prim^{A). As A is connected, by remark 1 after definition I18| 
N{a) = I is finite ans smaller than n. By lemma [T71 we can suppose a = uj'(bi, . . . ,bi), 
I < n, bi, . . . , bi-i G Prim{A), hi G Primtoti^)- We have two different cases. 

(a) If / > 2, by lemmaEOl A^-\io'{bi,. . .,bi)) = bi ^ . . . ^ bi e (^^""i)®', so, for all i, 
degp{bi) < n, so bi G B. Hence, a & B. 

(b) If / = 1, then a = 61 G Primtot{A) C B. □ 
2.4 Projections on Prim^{A) and Primtoti^) 

We here define an eulerian idempotent for connected bidendriform bialgebras. 
Let A be a bidendriform bialgebra. We put: 

^ Vect{x ^ y, x y y / x,y e A). 

We define m" : A®"- — > A inductively: 

m\{ai) = ai, 
m?.(ai(8)a2) = a2 ^ ai, 
(ai . . . fln) = m"~"'"(a2 . . . a„) ^ ai. 
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We consider the following application: 

' A ^ A 

Ti : < 



k=l 

Then Ti is a projection on Prim^{A). Moreover, for all a £ A, Ti{a) = a + A^"^. 

Proof. Remark first that Ti is well defined, as for all a £ A, A^^{a) = for k great enough. 
Let us show that Ti{a) G Prim^{A) for all a. By lemma [T!T| we can suppose a = cj(ai, . . . , a„), 
avec ai € Prim^{A), 02, . . . ,a„ € Prim{A). If n = 1, then Ti(a) = ai € Prim^{A). Suppose 
n > 2. 

We consider the following binary trees: for all k £N, 



V 



V 



Ad) 



Then and to can be graphically represented in the following way: 



/ \ Ad) 

LL>{Xl,...,Xk) = tl'.Xk 

t^' 



Xl, 



m\{xi ® . . . ® Xk) = tl^^a^fc (g) . . . (g) Xl. 



By lemma El we have: 



k-i, 



(ai,...,a„)) = 41^-(ani 



ai) (gi . . . (g) 41-'-(an ® ani+...+nfc_i+l)- 



?ii + ...+nfe=n 

(The nj's are positive, non zero integers). Then: 

+00 

Ti{uj{ai,...,an)) = Y^ (-l)'=+H„,,...,n,.(o„®...(gai) 

fc=l ni+...+nfe=n 

where the n^'s are positive, non zero integers and tni^...,nk is the following tree: 



Ad) Ad) 




"n-k 



As ti,n2,...,nfc = ii+n2,...,nfe, wc obtain: 



+00 



Ti{oj{ai,...,an)) = Y (-l)^'^^*ni,...,n,,.(a„ 



' aij 



= l n]^ + ... + n;,— n, 

ni>2 



+ J2 Yl (-l)'+'tl,ni,...,n,.(anC5...0ai) 

fe=l nl+...+^^i.=n— 1 
+00 

Yl Y (-l)^'^^*ni,...,n,,.(an«'...0ai) 



ni>2 

+00 



X] (-l)^+^t„;,...,„fc.(an (8) . .. fgiai) (where = 1 + ni) 



A; — 1 n^ + ... + ri^— n, 



0. 
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projection on Prim^{A). Finally, for all a £ A, we have: 

+00 

ri(o) = a + o A^-i(a) = a + A^^. □ 

k=2 

We define rriy : A'^"' — > A inductively: 

m^ai) = ai, 
m^(ai®a2) = 01^02, 
m" (ai (g) . . . a„) = ai >- m"^^(a2 . . . <8) a,i). 

With lemmas [Til and \TE\ we can show the following proposition in the same way as proposition 

Proposition 23 Let A be a bidendriform bialgebra such that for all a € Prira^[A) , N{a) 
is finite. We consider the following application: 

Prim^{A) — > A 

k=l 

Then T2 is a projector from Prim^{A) into Primtot{A). Moreover, for all a £ A, T2{a) = 
a + A^\ 

Corollary 24 Let A be a bidendriform bialgebra such that for all a € A, (a) is finite and 
for all A E Prim^{A), N(a) is finite (for example, A is connected). We consider the application 
T = T20T1 -.A — > A. Then T is a projection from A into Primtot{^) ■ Moreover, for all a £ A, 
T{a) = a + A^^. So A = Primtot{A) + A^'^ . 

Proof. Immediate, by composition. □ 

Corollary 25 Let A be a N-graded bidendriform bialgebra, such that the homogeneous part 
of A are finite- dimensional and Aq = (0). Then A = Primtot{A) © A^^ . 

Proof. Then A is connected (remark 2 after definition ll8|) . By corollary [231 A = Primtot{A)+ 
A^"^. In the same way, the bidendriform bialgebra A*^ is connected. We then have A*^ = 
Primtot{A*^) + {A*^)^"^. By taking the orthogonal: 

(0) = {A*3)^ = Primtot{A*3)^ n {{A*^)^^)^ = ^ Primtot{A). 

So A = Primtot{A) ®A^'^. □ 

3 Tensor product and dendriform modules 

3.1 Tensor product of dendriform algebras 

We here show how the category of dendriform algebras can be given a structure of tensor 
category. As dendriform algebras are not objects with unit, we have to extend the usual tensor 
product in order to obtain a copy of A and B in the tensor product of A and B. 

Definition 26 Let A, B be two vector spaces. Then: 

A^B = {A(^ B) ® {K ® B) (S) {A® K). 
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dendriform algebra in the following way: for 

(ai (gi 5i) -< (a2 (81 62) = ai.a2 <X) 61 ^ 62, 

(ai (g) 61) ^ (02 <8) 1) = ai.a2^bi, 

(ai 61) -< (1 62) = ai 061-^62, 

(ai g) 1) ^ (02 (g) 62) = 0, 

(ai (g) 1) ^ (02 <g 1) = ai -< 02 (g 1, 

(ai (g 1) -< (1 ® 62) = 0, 

(1 g) 61) -< (02 62) = 02 <g 61 -< 62, 

(1 g) 61) ^ (02 g) 1) = a2(g6i, 

(1 (g 61) ^ (1 g) 62) = 1061^62; 

Proof. Direct computations. □ 



ai,a2 G A, bi,b2 G -B, 

(ai (g 61) ^ (02 (g 62) = ai.a2 (g 61 ^ 62, 

(ai 61) ^ (02 (g 1) = 0, 

(ai (g6i) ^ (l(g62) = ai 061^62, 

(ai (g 1) ^ (02 (g 62) = ai.a2g)62, 

(ai g) 1) ^ (02 (g 1) = ai y a2<^l, 

(ai (g 1) ^ (1 (g 62) = ai(g62, 

(1061) ^ (a2<g62) = 02061^62, 

(1 (g 61) (02 g) 1) = 0, 

(1061) ^ (lg)62) = l(g6i^62. 



Remark. A (g is a dendriform subalgebra of Af^iB which is isomorphic to A and K B 
is a dendriform subalgebra of A<SiB which is isomorphic to B. 

Proposition 28 1. Let A,B,C be unitary dendriform algebras. Then the following ap- 
plication is an isomorphism of dendriform algebras: 



{A®B)^C 

(a (g 6) (g c 



A^{B^C) 
ag) (6(gc). 



2. Let A,A',B,B' be unitary dendriform algebras and (p : A 
morphisms of unitary dendriform algebras. We then define: 



( A(^B 
a® b 
a (g 1 
1 (g6 



A'^B' 

0(a) ^VW, 
0(a) (g 1, 
1 0(6), 



A', ^p : B 



B' be 



for all a A, b (z B. Then (/xg-^ is a morphism of dendriform algebras. 
In other terms, the category of unitary dendriform algebras is a tensor category with (g. 



Proof. Direct computations. □ 



We can now reformulate the axioms of bidendriform bialgebras. Let {A, ~<,y) be a dendri- 
form algebra and let A^, : A — > A^ A. We put A = A^ + A^. We then define: 



A_ 



AeK 

a 
1 



Ai^A 

A^(a) + a(gl, 
0, 



A, 



AeK 

a 
1 



AiS)A 

A^(a) + 1 (ga, 
0, 



A 



A®K 
a 
1 



A^A 

A(a) + a(gl + l<ga, 
0. 



Note that A = A^ + A^. We can easily prove the following assertions: 
1. dH)-® for A^ and A>_ are equivalent to (01)-© for A^ and A>_. 
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Ay{ayb) = A(a)^A^(6), A^ia y b) = A(a)^A^(6), 
Ay{a^b) = A(a)^A^(6), A^{a ^ b) = A(a) ^ A^(6). 

3. (jHI)-© is equivalent to: for all a,b £ A, 

A{a yb) = A(a) y A{b), A{a ^ b) = A{a) ^ A{b). 

In other terms, (|HI)-(IZI) is equivalent to A : ^4 — > A<^A is a morphism of dendriform 
algebras. 

3.2 Dendriform modules 

(See for example 19 for complements on operads). We denote by Vdend = i'Pdend{'n))neN* the 
operad of dendriform algebras (we consider here non-S-operads, that is to say there is no action 
of the symmetric groups). In other words, Vdend is the operad generated by -< and y€ VdendC^) 
and the following relations: 

^o(^,/) = ^o(/,^ + ^), 
^o(^,/) = >-o(/,^), 
yo{^ + y,I) = yo{I,y). 

Let A be a dendriform algebra. A dendriform module over ^ is a vector space M together 
with applications, for all n € N*: 

Vdendin) (S) A^^''-^') (S) M M 
p (ai (g) . . . (g) a„_i) (g) m — > p.(ai . . . (g a„_i (g m), 

satisfying the same associativity relations and unit relation as those for Pc^end-algebras. In other 
terms, a dendriform module over A is a vector space M together with two applications: 

A(^M — > M ^(A^M — > M 

a (^m — > a -\ m, ' \ a (E) m — > ah m, 

with the following compatibilities: for all a,b & A, m £ M, 

{a ~< b) -\ m = a-\(b-\m + b\- m), (16) 
(a >- 6) H m = a h (6 H m), (17) 
{a^b + ayb)hm = a\-{b\-m). (18) 

(We have a -\ m =^ .(a (g m) and ah m =>- .(a (gi m)). 
Remarks. 

1. If M is a dendriform module over A, then H + h gives M a structure of left module over 
the associative algebra {A,^ + y) by (|T^ + (|T7)) +(|TH |) . This action will be denoted by 
a.m = a-\m + ahm. 

2. A is a dendriform module over itself with H=-< and h=y. 

3. Suppose that ^ is a dendriform bialgebra. Then, as A is a morphism of dendriform 
algebras, A<^A is given a structure of a dendriform module over A with, for all a £ A, 

a H (^ft g) = ^ A(a) -< (6(g c), ah ^ g) = "^^{a) y (6(gc). 
Moreover, A is a morphism of dendriform modules. 
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()12 |) - ()15|) is equivalent to: A^, A;^ are morphisms of dendriform modules. 

Proposition 29 Let A be a free dendriform algebra generated by a subspace V and let M 
be a dendriform module over A. For any linear application 4> : V — > M, there exists a unique 
morphism of dendriform modules <I> : A — > M , such that = (j). 

Proof. 

Unicity. Because V generates A as a dendriform algebra, and hence as a dendriform module. 
Existence. As A is freely generated by V , we can suppose that A = Vdendi'^) <^ V'^"'. We 

n>l 

then define: 

$:/ A ^ M 

[ p (E) {vi (g) . . . Vn) > p.{vi ^ . . . (E) Vn-1 4>{Vn)) 

for all p G Vdendin), f i, . . . , v„ G V. Then $ fits the asked conditions. □ 



Proposition 30 Let (A,~<,y,A) be a dendriform bialgebra, with applications A^,A^ 
A — > A(E A. We put: 

A^ : 



A, 



A : 

We suppose the following conditions: 

1. (j4,A^,A^) satisfies relations |3p and ^ on a set of generators of the dendriform 
bra A. Moreover, A^ + A^ = A on this set of generators. 



A - 


A^A 




a — 


A^(a)+a 


E) 1, 


A - 


A®A 




a — 


A^(a) + 1. 


2i a, 


A - 


A®A 




a — 


A(a) + a O 


1 + 1 (g) a 



2. A^ and Ay are morphisms of A-dendriform modules. 
Then A is a bidendriform bialgebra. 

Proof. Let us first show relation (@J). We put X = {a £ A / a satisfies ©)}. We have: 

X = Ker{{A^^Id)o A^- {Id (^A^ + Id (g) Ay) oA^) 
= Ker {(A^'^Id) o A^ - {IcMA^ + IdMAy) o A^) , 

which is the kernel of a certain morphism of dendriform modules from A into Af^iA^A by 
hypothesis 2. So X is a dendriform submodule of A, hence a dendriform subalgebra of A. As it 
contains a set of generators by hypothesis 1, it is A. We can prove ©, ©, and the fact that 
A = A^ + A y on the whole A in the same way. As the hypothesis 2 is a reformulation of axioms 
H12l) - ()15|) . ^ is a bidendriform bialgebra. □ 

3.3 Bidendriform structure on 

Unfortunately, {A'^, A'^, A'y) is not a bidendriform bialgebra. For example, for a = h = . d- 

a^b=li, A'^(a-<6) = 0, 
whereas a'b'^ ® a" ^ b"^ + a'b ® a" + b'^ ® a < b'!^ + b ® a = . d ® • d . So (P3|) is not satisfied. 
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dendriform bialgebra structure) on such that for all d £ V, A^(.d) = A^(.d) = 0. Hence, 
(.4'^, -<,>-, A^, A^) is a bidendriform bialgebra, which induces the structure of Hopf algebra of 
TiP already described. 

Proof. We use the notations of proposition 1301 

Unicity. As the .d's generate AP , there is at most one way to extend A^ and A^ to A as 
morphisms of dendriform modules, with notations of proposition I3UI 

Existence. By proposition 1291 we can extend A^ and A>_ to A as morphisms of dendriform 
modules. So the second condition of proposition 13111 is satisfied. The first one is trivially satisfied 
on the set of generators {.d/d£ V}. □ 

When D is a graded set, this structure obviously respects the gradation of A^: 

Corollary 32 If V is a graded set, then JP is a graded bidendriform bialgebra. 

Proposition 33 Let F G F-^, F ^ 1. We consider the set Adm^{F) of admissible cuts of 
F satisfying one of these two conditions: 

1. c cuts one of the edges which are on the path from the root of the last tree of F to the leave 
which is at most on the right of F. 

2. c cuts totally the last tree of F if F is not a single tree. 
Then: 

A^{F) = P^iF) R^{F). (19) 

ceAdm^{F) 

Prove. We denote by F^ (g) F^ the second member of ()19() . Let us prove the result by 
induction on n = weight{F). If n = 1, then F = .d and the result is obvious. If n > 2, we have 
two possible cases: 

1. F = GH, with weight{G),weight{H) < n. By a study of Adm^{F), we easily have: 

F^ F^ = G'H'^ G"H'^ + G'H ® G" + GH'^ (g) H'^ + GH'^ ®H'!^ + H®G 
= G'H'^ (g) G"H'!. + G'H (g) G" + GH'^ ®H'!^ + GH'^ ®H'!^+H®G, 

by the induction hypothesis on H. By (|TT|) . this is equal to A^(F). 

2. F = B^{G), weight{G) = n — 1. By a study of Adm^{G), we easily have: 

^<<®^< = G'«®S+(G'4) + G®.d 
= G'^(S)Bj{G'!^) + G^.d 
= G'^® .i <G'^+G® .d, 

by the induction hypothesis on H. As F = .d ^ G, by ()15() for a = .d, this is equal to 
A^(F). □ 
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We here prove that a connected bidendriform bialgebra is isomorphic to A for a certain set D. 
Proposition 34 Primtot{J^) = Vect{.d / d^V). 

Proof. In a immediate way, .d € Primtot{AP). Let us show the other inclusion. 

First case. Suppose that V is finite. We graduate V by putting all its elements in degree 1. 
Then jP is graded, with = (0) and finite-dimensional for all n. By corollary I25[ AP = 
Primtot{A^) e {A^)^"^. As A^ is freely generated by the .d's, Vect{.d/d G 2?) © {A^)^'^ = A^ , 
and this implies that PrinitotiA^) Q Vect{.d / d ^V). 

General case. Let p £ Primtot{A^). There exists a finite subset D' of D, such that p € A^' . 
Then p G Vect{.d / d e V) C Vect{.d / d€V). □ 

Theorem 35 Let A be a bidendriform bialgebra. For all d GV, let p^ G Primtot{A) . There 
exists a unique morphism of bidendriform bialgebras: 



Moreover, we have: 

1. If the pd's are linearly independant, then ^ is monic. 

2. if the dendriform coalgebra A is connected and if the family {pd)dev linearly generates 
PrimtotiA) , then ^ is epic. 

3. if the dendriform coalgebra A is connected and if the family {pdjdev is a linear basis of 
Primtot{A) , then ^ is an isomorphism. 

Proof. As A^ is freely generated by the .d's, \& defines a unique morphism of dendriform 
algebras. As .d and pd are both totally primitive, ^' is a morphism of bidendriform bialgebras. 
We now prove the two assertions. 

1. We graduate V by putting all its elements of degree 1. Suppose that Ker{^) ^ (0). Let 
X G Ker(^'), non-zero, of minimal degree n. So "if is monic on A^^ — A^ ... © Aj^_^. 
Moreover, A^{x) G (g) and (^f © o A^(x) = A^{^{x)) = 0. By injectivity, 
A^(x) = 0. In the same way, A^(x) = 0. So x G Primtot{A^) = Vect{.d / d ^ V) 
(proposition I^J . As the p^s are linearly independant, Ker{'^) n Vect{.d / d ^ V) = (0): 
contradiction. So ^ is monic. 

2. Then Im{^) is a dendriform subalgebra of A which contains Primtot{A). As A is con- 
nected, PrimtotiA) generates A (theorem 0T|) . so ^' is epic. 

3. Comes from 1 and 2. □ 
This corollary is immediate: 

Corollary 36 1. Let A be a connected bidendriform bialgebra. Let {pd)dev ^ basis of 
Primtot{A) . Then the morphism ^' : A^ — > A described in theorem \35\ is an isomorphism 
of bidendriform bialgebras. 

2. Let A be a N-graded bidendriform bialgebra which is connected as a dendriform coalgebra. 
Let {pd)d€T> be a basis of PrimtotiA) made of homogeneous elements. Then D is given a 
gradation by putting \d\ = \pd\. Then the morphism : A^ — > A described in theorem,[SM 
is an isomorphism of graded bidendriform bialgebras. 
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finite- dimensional for all n € N. We consider the following formal series: 

+00 +00 



n=l n=l 



Then P{X) 



P{X) = J2 dim{Primtot{A)n)X'' , R{X) = ^ dim{An)X' 

n 

R{x) 

{l + R{X)f 



Proof. Immediate if ^4 = (0). Suppose that A / (0) (so P{X) / 0). By corollary OHl we 
can suppose A = jP . By proposition El P{X) = I^{X) of proposition |H1 Hence: 



^^^) + ^- 2P{X) 



2P{X){R{X) + !)-! = -yjl - 4P{X) 
=> AP{Xf{R{X) + 1)2 + 1 - AP{X){R{X) + 1) = 1 - 4P(X) 
^ P{X){R{X) + lf -R{X)-l = ~l 

4 Application to the Hopf algebra FQSym 

4.1 Recalls 

(See jSliniEl)- The algebra FQSym is the vector space generated by the elements {Fu)u&-, 
where § is the disjoint union of the symmetric groups Sn (n G N). Its product and its coproduct 
are given in the following way: for all n S 5"^, v G Sm, by putting u = (ui . . . u^), 

n 

A(F«) = ^st(ui...Ui) ® ^St(Ui+l...Un)^ 

1=0 

C,(^sh(n,m) 

where sh{n,m) is the set of (n, m)-shuffles, and st is the standardisation. Its unit is 1 = Fg, 
where is the unique element of Sq. Moreover, FQSym is a N- graded Hopf algebra, by putting 
\Fu\ = n if n G 5"^. 

Examples. 

F(12)F(12 3) = F(i 2345) + F(i 3 245) + F(i 3425) + F(i 345 2) + F(3 1 245) 

+F(3 142 5) + F(3i45 2) + F(3 4i2 5) + F(3 4i5 2) + F(3 45i2), 

A(F(1 2543)) = 1 ® F(i 2 543) + F(i) <8) F(i43 2) + F(i2) ® F(3 2 1) 

+F(i 2 3) <^ F(2 1) + F(i 2 4 3) <^ + F(i 2 5 4 3) <^ 1- 

4.2 Bidendriform structure on FQSym 

Let (FQSym)+ = Vect{Fu / n G Sn, n > 1) be the augmentation ideal of FQSym. We define 
^,:^,A^ and A;^ on (FQSym)_|_ in the following way: for all u G 5„, v G Sm, by putting 
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(uxd).^ ~i ) 



C""' (n+m)=n+m 



n-1 

A^(Fu) = ^ F5t(„^ ,,u.) (g) F5t(„.^^ , ^^), 

n-i(n)-l 

A^(Fu) = ^ Fst(ui...Ui) '^Fst(^u,+ l...u„^)■ 
^=l 

Examples. 

F(12)^F(i2 3) = F(i 2) + F(3 1452) + F(34 1 5 2) + F(345 1 2), 

F{1 2) ^ F(i 2 3) = F(i 2 3 4 5) + F(i 3245) + F(i 342 5) + F(3 1 245) + F(3 1425) + F(3 4 1 2 5) > 

A^(F{1 2 543)) = F(i2 3) (8)F(2i) +F(i 2 4 3) '^F(i), 
A^(F(1 2543)) = F(i) (8)F(i 4 3 2) +F(i2) (8)F(3 2l). 

Theorem 38 f'(FQSym) + , ^, ^, A^, A^) is a connected bidendriform bialgebra. 

Proof. The structure of dendriform bialgebra is aheady introduced in [221, aheady 
have Q-®, and (fT^ + (fTH) . ((T^ + (fT3)) . We consider the symmetric non-degenerate pairing on 
(FQSym)+ defined in by < Fo-,Ft- >= 6^.^—1. Note that A^,A>_ are the transposes 

of -<,>- for this pairing. So ((FQSym)_|_, A^, A^) is a codendriform coalgebra. So we aheady 
have Q-®, and ^+^, ^+^. It is then enough to prove (O. We have: 

/ \ 



A^ (F(«i...n„) ^ F(^^...^^)) 



{ui...vi + n...Vm + n. . .Un) 

l<ji<...<jm<n+m ^ V ' 

Y + n in position jj J 

l<ji<...<jm<n+m 

= ..«„))' (F(^,i...^,„))'^ (E) (F(„^. ..„„))" -< (F(^^...^,^))'^ 

^ V ' 

terms with Uj's and fj's on both sides on the ^ 

+ (F(ni. ..«„))' ® {P(ui...u„))" -< F(„i...„„) 

^ V ' 

terms with all the Vj's on the right on the (8) 
+ (F(t,i...„„))'^ «)F(„^...„„) ^ (F(^^...^^))'^ . 

^ V ' 

terms with all the Uj's the right of the (8> 

So (|T3|) is satisfied, and (FQSym)+ is a bidendriform bialgebra. Moreover, it is N-graded, with 
((FQSym)_|_)o = (0), so it is connected. □ 

Remark. It is of course possible to prove Q)-® directly. For example, the two members 
of ® for a = F„, with u = {ui . . . Un), are equal to: 

^ ] '^st(ui...Ui) ® '^st(ui+i...Uj) ® '^st{uj+i...u„)- 

{n)<i<j <n 
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And for ©: 



^st{ui...u^) ® ^st{ui+i...Uj) ® ^st{uj+i...u„)- 

l<i<j<o— l(n) 



Moreover, (FQSym)+ is graded and connected, with: 



+CX) 



+00 



By corollary EH 



We obtain then: 



R(X) = ^ (iim(FQSym„)X" = ^n!X". 



n=l 



n=l 



+00 



P{X) = j;dim(Primt,i((FQSym)+)„)X" = = .Jtf} 

n=l n=l \ { ) + 



n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


Pn 


1 





1 


6 


39 


284 


2 305 


20 682 


203 651 


2 186 744 


25 463 925 


319 989 030 



Remark. Let ^' : A — > (FQSym)^ be the unique morphism of bidendriform bialgebras 
which send . to F^^). It coincides with the morphism of |17j . We obtain by theorem 1351 that 
it is monic. 

By corollary 1361 

Theorem 39 Let V he a graded set such that Vq = % and for all n > 1, card{'Dn) = Pn- 
Then (FQSym)_|- and AP are isomorphic as graded bidendriform bialgebras. Hence, FQSym 
and TiP are isomorphic as graded Hopf algebras. 

We can now prove the conjecture 3.8 of 15]: 

Corollary 40 // the field K is of characteristic 0, the Lie algebra Prim(FQSym) is free. 
Proof. By proposition 141 of the Lie algebra Prira{liP) is free. □ 

Finally, we give a basis of totally primitive elements of (FQSym)-|_ of degree smaller than 
4. With notations of [H]: 





Vi 


= Fi, 






V231 


= F231 - 


- F132, 




V3142 


= F3142 


— F2143 




V2431 


= F2431 


— F1432 




V2341 


= F2341 


— F1342 




V3241 


= F1243 


— F1342 


V3412 


— V2413 


= F3412 


— F2413 


V3421 


— V2413 


= Fi423 


— F2413 



F2143 + F3241, 
F1432 + F3421. 
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5.1 Definition 



Definition 41 Let A and B be two bidendriform bialgebras and let <,>: A x B — > K 
be a bilinear form. We will say that <,> is a bidendriform pairing if, for all a,ai,a2 G A, 
6,61,62 S B, the following conditions are satisfied: 



< ai ^ 02, 6 > 

< ai ^ 02, 6 > 



< ai (g) a2, A^(6) >, 

< ai «) a2, A^(6) >, 



< a, 61 62 > 

< a, 61 ^ 62 > 



< A^(a),6i (g) 62 >, 

< A^(a),6i (g) 62 > . 



Suppose that yl and B are graded. Then <, > will be said homogeneous if for all homogeneous 
elements a A, b G B, < a,b >= if a and 6 have different degrees. 



Remark. If <, >: ^4 x i? — > is a bidendriform pairing, then it induces a Hopf pairing 
between A = Ai^ K and B = B ® K with, for all a G A, 6 e -B, < 1, 6 >= 0, < a, 1 >= 0, and 
< 1,1 >= 1. 

Example. The pairing on (FQSym)+ defined by < F„,Ft, >= (J^^-i is a bidendriform 
pairing. 



5.2 Hopf dual of a bidendriform bialgebra 

We here extend the notion of Hopf dual of a Hopf algebra (see to bidendriform bialgebras. 

Let A be a dendriform algebra. We denote by A* the following subspace of the linear dual A* 
of A: 

A* = {f & A* / f vanishes on a dendriform ideal of finite codimension of A}. 

For all a G ^, we consider the following applications: 

A* — > A* 
L:: :{ ,. { A ^ K 



a 



f 



A* — > A* 



6 L^{f){b)=f{a^b), 



:{ „ ( A ^ K 



-'a 



f 



A* — > A* 



6 L^{fm=f{ayb), 



r:: ■■ < . (A — > K 



f 



b R^{f){b)=f{b^a), 



A* — > A* 

1 

6 R^{f){b)=f{bya). 



R^ ■■ < J, ^ { A ^ K 



Lemma 42 Let f ^ A* . The following assertions are equivalent: 

1. fe A\ 

2. There exists a finite dimensional subspace U of A* , stable for all a & A by L^, , R^ 
and R^ , which contains f. 
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1 =^ 2. Let / be a dendriform ideal of A, such that /(/) = (0) and / has a finite codimension. 
Then J"*- is finite-dimensional and contains /. Let g £ I'^ and let a £ A. For all b ^ I: 

a 

as / is a dendriform ideal of A. So L'^{g) £ I^: I"*" is stable under L^. In the same way, I"*" is 
stable under , and . 

2 =^ 1. Let / = U^. Then / has a finite codimension. Moreover, as / G C/, /(/) = (0). Let 
a e A,b e I. For ah g £U: 

g{a^b)=L^{g){b) = 0, 

eu 

so a -< 6 G /. In the same way, a y b, b ~< a and 6 >- a G /, so / is a dendriform ideal. □ 



Lemma 43 ^* send A* into A* (g) A*. 

Proof. Let f & A* and U as in lemma WI\ Let (ui, . . . ,Un) be a basis of U. By lemma 03 
observe that U Q A*. For all a G ^, we put: 



i=l 



Then the Vi''s are elements of A*. Let us fix j G {1, . . . ,n}. There exists bj G A, such that 
Vi{bj) = 5ij. Then: 

n 

L^Um) =Y,<^>iih) = ^M) = /(« ^ h) = (/)(«)> 

1=1 

so Vj = Rbjif) ^ ^- Moreover, for all a, 6 G j4: 

n n 

^* (/)(a0 6) =/(a^6) = L^(/)(6) = ^w,(a)0Ui(6) = ^z;i®ni(a0 6), 

1=1 1=1 

so ^* if) € U ®U C A* ® A*. In the same way, (/) e A* (S) A*. □ 
Remark. So {A*, -<*, ^*) is a dendriform coalgebra. 

Suppose now that yl is a bidendriform bialgebra. By duality, (^*, A!^, A^) is given a den- 
driform algebra structure. More precisely, for all /, g G j4*, we have, for all a G j4: 

(/ ^ g){a) = {f(gg)o A^(a), (/ y g){a) = {f ® g) o A^(a). 

Lemma 44 yl* is a dendriform subalgebra of A* . 

Proof. Let f,g G A*. By lemma 021 there exists a finite-dimensional subspace U of A*, 
containing / and g, stable for all a G A by L^, , R^ and R^ . Let F,G £ U. Let a G A. For 
all 6 G A, by (UHl): 

L^{F^G){b) = {F^G){a^b) 

= (FOG) o A^(a ^ 6) 

= (F ® G){a'b'^ ® a" < 6" a'6 (g) a" 6'^ (g) a ^ 6" 6 a) 
= ((L„1+L,^,)(i^)^^.1'(G))(6) 

+G{a") ((L,1 + L,^)(F)) (6) + (F ^ L,-^(G)) (6) + F(g)G(6). 
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L^{F ^G) = {L^, + L^,)iF) -< L^„{G) + G{a"){L^, + L„^)(F) +F<L^{G)+ F{a)G 
G U + U + U yU. 

In the same way, we can prove that V = U + U^U + U)~U is stable under L^, and . 
As U is finite-dimensional, V is finite-dimensional, and contains f ~< g and f y g, as f,g (z U. 
So, by lemma Ii2l f ~< g and f y g e A*. □ 



By dualising the axioms of bidendriform bialgebras, we obtain: 

Proposition 45 For any bidendriform bialgebra A, (A* , A'^, A"^, ~<* is a bidendriform 
bialgebra. More precisely, for all f,g(^A*, a,b A: 

if ^ g){a) = {f0g)o A^(a), (/ y g){a) = {f g) o A^(a), 

A^(/)(a 6)= f{a ^ b), A^(/)(a 6) = /(a 6). 

Proposition 46 Lei A, 5 be bidendriform bialgebras. 

1. Let ^ : A — B* be a morphism of bidendriform bialgebras. Then the following pairing is 
a bidendriform pairing: 



<,>■■ 



Ax B — > K 
{a,b) — > < a, 6 >= ^>(a)(6) 



2. Suppose that A is connected and that <,>: A x B — > K is a bidendriform pairing. Then 
the following application is a morphism of bidendriform bialgebras: 



A — > B* 

6 — > < a,b> . 



a — > (^(a) : 



Proof. 

1. Let ai,a2 & A, b £ B. 



<ai^a2,b> = $(oi ^ a2)(6) 

= ($(ai) ^ $(a2))(6) 

= ($(ai) (g)$(a2)) o A^(6) 

= < ai ® a2, A^(6) > . 



Let a e A, bi, 62 G B. 

< a, 61 -< 62 > = '^{a){bi -< 62) 

= A^($(a))(6i ® 62) 

= ((^>(g)$)oA^(a))(6i®62) 

= < A^(a),6i 62 > . 

The two other equalities are proved in the same way. 
2. We first prove the following lemma: 

Lemma 47 Let G be a connected dendriform coalgebra. For all a £ G, there exists a finite- 
dimensional dendriform subcoalgebra of G which contains a. 
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Ca = Vect 



(/i ... ® Id O /i+i . . . /„) o P(a) / 
new, ie{l,...,n}, /i,..., /,+!,.../„ gC*, PEPc(n) 



Then Ca is the smallest dendriform subcoalgebra of C which contains a. As C is connected, 
there are only a finite number of P such that P{a) ^ 0, so Ca is finite-dimensional. □ 

End of the proof of proposition I46L Let us first prove that <&(a) € B* for all a ^ A. As 

A is connected, there exists a finite-dimensional subcoalgebra C of A which contains a (lemma 
I47j) . Let / be the orthogonal of C for the pairing <, >. As C is finite-dimensional, / has a finite 
codimension. Let h\ e B, b2 & I- For all c € C, we have: 

<c,bi h2 >=< A^(c),6i 062 >= 0, 

ec®c 

so 61 ^ 62 E /. In the same way, we prove that / is a dendriform ideal of B. As a £ C, 
$(a)(I) =< a,I>= (0), so $(a) G B\ 
Let ai, a2 G ^- For all b e B: 

$(ai ^ a2)(6) = <ai^a2,b> 

= < ai (g) 02, A^(6) > 

= ($(ai) ® $(02)) o A^(6) 

= ($(ai) ^ $(a2))(6), 

so $(ai ^ 02) = ^I'Cai) -< <I>(a2)- Let a e A. For all 61,62 G 5: 

(A^($)(a))(6i®62) = $(a)(6i-<62) 

= < a, 61 ^ 62 > 

= < A^(a),6i (g) 62 > 

= (($®^>)oA^(a))(6i 062), 

so A_^(<I>)(a) = (<I> <I>) o A^(a). The other equalities are proved in the same way. □ 



5.3 Bidendriform pairing on a connected graded bidendriform bialgebra 

Theorem 48 Let A, B be connected bidendriform bialgebras. Let <, >\p.^i^^^^: Primtoti^) ^ 
Primtot{B) — > K. then <,>\primtot '-'^'^ uniquely extended into a bidendriform pairing 
between A and B. Moreover: 

1. <,> is non- degenerate <^=^> <,>\primtot ^-^ non- degenerate. 

2. Suppose that A = B. Then <,> is symmetric <^=^ <, >\primtot ^-^ symmetric. 

3. Suppose that A and B are N-graded (we do not suppose that the An's or the Bn's are 
finite- dimensional). Then <,> is homogeneous <^=^ <, >|p,,.j„^^j is homogeneous. 



Proof. 

Existence. By corollary 1251 B = Primtot{B) © B^^. We can then define, for all p € 
Primtot{A): 

B — V K 

q G Primtot{B) — > <p,q >\Primtot^ 



fp 



: < 
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Moreover, for all 01,02 G A, A^(/p)(ai iX) 02) = /p(a2 -< ^2) = 0, so A^(/p) = 0. In the same 
way, Ay{fp) = and then fp £ PrimtotiB*)- 

As A is isomorphic to a bidendriform algebra f corollarvl36|). by theorem 1351 there exists 
a unique morphism of bidendriform bialgebras: 

A ^ 
{ pe Primtot{A) — > /p. 

We then put < a,b >= $(a)(6) for all a € A, 6 € B. This pairing extends <,>^pj.imtot'- 
p G PrimtotiA), q G Primtot{B), < p,q>= ^{p){q) = fp{q) =< p,q > 

\Primtof Moreover, as ^> 
is a morphism of bidendriform bialgebras, <, > is a bidendriform pairing (proposition I46j) . 

Unicity. Let <,>' a second bidendriform pairing which extends <,>|prj^j^j. Let us show 
that it is equal to <, > already defined. Consider: 

A' = {a e A /\/b e B, <a,b >=< a, b >'}. 

Let ai, 02 G A' . Then, forall b £ B, 

< ai ^ a2, b >=< ai (g) 02, A^(5) >=< ai 02, A^(6) >'=< ai ~< 02, & >' • 

So oi ^ a2 G A'. In the same way, ai ;^ 02 G A', so A' is a dendriform subalgebra. As A is 
generated by PrimtotiA), it is enough to prove that p £ A' for all p G PrimtotiA). Let b £ B 
and let us show that < p,b > = < p, 6 >'. It is true by hypothesis if 6 G PrimtotiA) . If it is not 
the case, we can suppose 6 = 61 ^ 62 or 6 = 61 ^ 62- Hence: 

<p,b>' = <p,bi^b2>' = < A^(p),6i (8)62 >' = = <p,b>, 
or <p,b>' = <p,biyb2>' = < A^ip),bi(g)b2 >' = = <p,b>. 

We now prove the three equivalences. 

Non-degeneracy, Suppose <, > non-degenerate and let a G PrimtotiA) Ci PrimtotiB)-^ . 
Then, as PrimtotiA) C iB^'^)^, we obtain a G (S^^ _^ PrimtotiB))^ = B^ = (0). In the same 
way, PrimtotiB) n Primtot(^)-^ = (0), So <, '>\primtot '^^ non-degenerate. 

N on- degeneracy, <^=. Then $|p^j^^^^(^) is injective, so, by theorem 133 <I> is injective: 
B^ = (0). By permuting the role of A and B, which does not change the pairing <,> by 
unicity, we obtain A-^ = (0). So <, > is non-degenerate. 

Symmmetry, Obvious. 

Symmetry, <^=. We consider A" = {a £ A / Mb £ A, < a,b >=< b,a >}. Let ai,02 G A". 
Then, for all 6 G A: 

< ai -< 02, b >=< ai (g) 02, A^(6) >=< A^(6), oi (g) 02 >=< 6, ai ^ 02 > • 

So ai -< 02 G j4". In the same way, oi ^ 02 G A" , so j4" is a dendriform subalgebra. It is then 
enough to show that PrimtotiA) C A" . Let a G PrimtotiA) and 6 G j4. We can limit ourselves 
to the three following cases: 

1. 6 G PrimtotiA). Then < a,b >=< 6, a > by hypothesis on <, y^p^.^^^^^. 

2. fe = 61 -< 62- Then < 6, a >=< bi (g) 62, A^(a) >= =< a, 6 >. 

3. b = biy 62- Then < 6, a >=< bi (g) 62, A^(a) >= =< a, b >. 
So A" = A and <, > is symmetric. 

Homogeneity, Obvious. 

Homogeneity, ■^=. Then $ takes its values in the graded dual of A and is homogeneous of 
degree 0, so <, > is homogeneous. □ 
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We define a pairing on Primtot{^) in the following way: for all d, d! G P, 

< •d.,.d'>Primtot{A'^)^ ^d,d'- 

This pairing is symmetric, homogeneous, and non-degenerate. By theorem l48l it can be extended 
on a unique bidendriform pairing <, > on A^. This pairing is also symmetric, homogeneous, 
and non-degenerate. 

Remark. This pairing is not the pairing (, ) on Tl^ introduced in [7], which is a symmetric 
and non degenerate Hopf pairing but not a bidendriform pairing: 

(•d ^ -d. Id) = (Id, Id) = 0, 
(.d (g) .d, A^(I^)) = (.d «) .d, .d «) .d) = 1. 

The pairing <, > admits a similar description as the pairing of Let d ^V. We consider 
the following application: 

r 7^ ^ Ti^ 

id - \ p ^ jp© ^ f if the leave of F at most on the right is decorated by d; 

I ^ without its leave at most on the right if it is decorated by d. 

For example, if a,b,c,d,e, f e P, I „ ''V/ ) = Sej I a I c . 

Lemma 49 Let x,y e JP , d eV. Then: 

1. < .d (g)x,A^(y) >=<x,id{y)>- 

2. < B+{x),y>=< x,idiy) >■ 
Proof. 

1. We can suppose that y G F^. We denote by d' the decoration of leave of y at most on 
the right. The only eventual admissible cut in Adm^{y) (defined in proposition WVA^ such that 
P^{y) = .d is the cut Cy which cut the edge leading to the leave of y at most on the right, if 
d = d' . Hence, by proposition 03 

<.d^x,y> = ^ < .d,P''{y) >< x,R''iy) > 

c&Adm^ (y) 

= 6d,d' <x,R^f{y)> 

= <x,id{y)>- 

2. We have < Bj{x),y >=< .a ^x,y >=< .d ^x,A^{y) >=< x,£,d{y) >■ □ 

Hence, the Hopf pairing (also denoted by <, >) induced on satisfies the following prop- 
erties: 

Theorem 50 <,>: Ti'^ x fi^ — > K is the unique pairing such that: 

1. Vy € , < l,y >= £{y), where e is the counit ofTiP. 

2. Vx,y G 7i^, < Bj{x),y>=< x,Uy) >■ 

3. Vx, y,z e T-P , < xy, z >=< x®y, l^{z) >. 
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have < S{x),y >=< x,S{y) >. 

Remark. The three points of this theorem allow to compute < F,G > for F,G & F^, by 
induction on weight{F). 

We now give a combinatorial interpretation of this pairing, inspired by our work in j7j. If 
F € F-'^, We have two partial orders >high et >ieft on the set vert{F) of vertices of F (see 
for more details), if x,y are two vertices of F, then: 

1. We will say that x >high U if there is a path from y to x. 

2. If s and s' are not comparable for >high^ then one of this two vertices (say for example x) 
is more on the left than the other: we will denote this situation by x >ieft y- 

These partial orders induce a total order >d^i on vert{F) defined by: 

X >d,l y if {X >left y) or {y >high x). 

Theorem 51 Let F, G G F-^. Let I{F, G) be the set of bijections f from vert{F) to vert{G) 
such that: 

1. Vx,y G vert{F), x >high y => f{x) >d,i f{y), 

2. Vx,y G vert{F),f{x) >high f{y) => x >dj y, 

3. Vx G vert{F), x and f(x) have the same decoration. 
Then <F,G>= card{I{F, G)). 

Proof. This is true if weight{F) ^ weight{G), as then < F,G >= and there is no bijection 
from vert{F) to vert{G). We suppose that weight{F) = weight{G) = n, and let us proceed by 
induction on n. If n = 1, then < .d,-d' >= 6d^d' = card{I{.d, •d')) by condition 3. Suppose that 
the property is satisfied for all A: < n and let F,G G F-^ with n vertices. We put F = ti . . . tm- 

If m = 1: then F = ti = B+{F'). So < F, G >=< F', Cd{G) >. Let / G X(F, G). Denote by 
r the root of F. Remark that for all x G vert{F), x >high f- By condition 1, /(r) is the smallest 
element of vert{G) ior>df- it is the leave of G at most on the right. If it is not decorated 
by d, then < F,G >= and I{F,G) = by condition 3. Otherwise, there is a bijection 
I{F,G) — > I{F',^d{G)), sending / to its restriction a vert{F'). As < F,G >=< F',Cd{G) >, 
we have the result. 

If m > 1: we put F' = ti . . . tm-i- Let / G I{F, G); consider f{som{tm))- Let y2 be a vertex 
of G, such that there exists xi G vert{tm), f{xi) >high 2/2- There exists a unique X2 G som{F), 
such that f{x2) = y2- By condition 2, xi >d,i X2 and then X2 G som{tm)- Hence, there exists a 
unique admissible cut Cf of G such that R^f{G) = f(tm) and P'^f{F) = f{F'). We then have a 
bijection: 

' 1{F,G) U AF',P\G))xl{tm,R\G)) 

< c<^Adm{G) 

f {f\somiF')J\somitrn))^AF',P^f{G))xI{t^,R'=f{G)). 

Hence: 

<F,G> = < >< ^'('^) > 

ceAdm{G) 

<F',P\G)><t^,R%G)> 

ceAdm{G) 
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ceAdm(G) 

= card I U AF',P''{G))xIitm,R''iG))\ 

\c£Adm{G) J 

= card{I{F,G)).n 

We consider now the case where V is reduced to a single element. We can identify Tl^ and 
H. We will denote instead of , ^ instead of ^a- We define G F by induction on k in the 
following way: Iq = ^, h+i = B^{h)- For example: 

Zi = . , ^2 = I 5 ^3 = L ^4 = L ^5 = • • ■ 

Proposition 52 Let F e¥, of weight n. Then: 

1. <F,ln>=l- 

2. < F,ln-i- > is the number of roots of F. 

3. < F, .In-i > is the number of leaves of F. 

Proof. 

1. Induction on n. If n = 0, then F = 1 and < F, Iq >=< 1, 1 >= 1. Suppose that the result 
is true for all forest G of weight n - 1. Then < F, In >=< ^{F),ln-i >= 1 as ^{F) G F. 

2. Let X be the set of F G F, F / 1, satisfying 2. Let G € ¥, with n vertices. We have 
< B+{G),ln- >=< G,^{ln.) >=< G,ln >= 1, SO S+(G) & X: X contents the trees. 

Let Fi,F2 G X, with respectively ni and n2 vertices. We put n = ni + n2- We have: 

<FiF2, = < Fi ®F2,A(/„_i.) > 

= ^ < Fi0F2,li. (g>lj + li0lj. > 

i+j=n-l 

= < Fi (g) F2, Ini-i- ® ln2 + Ini <X) /n2-i- > by homogeneity, 
= < FiJm-i- > + < F2,/„2-i- > ■ 

So F1F2 ex. AsX contents the trees, X = ¥-{1}. 

3. Let Y be the set of F G F, F 7^ 1, satisfying 3. We have < . , >=< • , • >= 1, so . eY. 
Let G eY, with n vertices. We have < B+{G),Jn >=< G,^(.Z„) >=< G,.ln-i >■ As G 

and B^{G) have the same number of leaves, B^{G) G y, so y is stable under B+. 

Let Fi, F2 G y, with respectively n\ and n2 vertices. We put n = ni + n2- We have: 

<FiF2,Jn-l> = < Fi ®F2,A(./„_i) > 

= ^ < Fi(g) F2,.li(g>lj + .Ij > 

i+j=n-l 

= < Fi (g) F2, .Zni-i ® ln2 + Ini <^ •ln2-i > by homogeneity, 

= < -Pi, -^ni-l > + < -^^2, -^712-1 > ■ 

So F1F2 G y. As y is stable under product and under and contents ., y = F — {1}. □ 
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